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Via the hierarchy of correlations, we study the strongly interacting Fermi-Hubbard model in
the Mott insulator state and couple it to a Markovian environment which constantly monitors
the particle numbers nˆ↑µ and nˆ
↓
µ for each lattice site µ. As expected, the environment induces an
imaginary part γ (i.e., decay rate) of the quasi-particle frequencies ωk → ωk − iγ and tends to
diminish the correlations between lattice sites. Surprisingly, the environment does also steer the
state of the system on intermediate time scales O(1/γ) to a pre-thermalized state very similar to
a quantum quench (i.e., suddenly switching on the hopping rate J). Full thermalization occurs via
local on-site heating and takes much longer.
Introduction Understanding the quantum dynamics
of strongly interacting many-body systems is one of the
major challenges of contemporary physics. Compared
to weakly or non-interacting systems, strong interactions
can induce new and fascinating phenomena. One exam-
ple is the Mott insulator state: For a fermionic lattice
with a half-filled band, one would expect conducting (i.e.,
metallic) behavior – but strong interactions can make this
system insulating [1, 2].
While the ground or thermal equilibrium state of
strongly interacting systems can already display non-
trivial properties, their non-equilibrium dynamics can
pose even more difficult problems, which we are just
beginning to understand. A conceptually clear and fre-
quently studied example is a quantum quench, where one
starts in the ground state of a given Hamiltonian and
then suddenly (or non-adiabatically) changes one of the
parameters of this Hamiltonian. After that, the initial
state will no longer be the ground state in general and
the time dependence after such a global excitation has
been studied in various works, see, e.g. [3–20, 22, 25].
One of the surprises and unexpected results of such
non-equilibrium dynamics is the phenomenon of pre-
thermalization: Even in systems which are expected to
thermalize after a global excitation, this thermalization
dynamics can occur in several stages with different time-
scales. Local observables which oscillate on short time
scales (after the quench) approach a quasi-static value
on intermediate time-scales – which is, however, differ-
ent from their thermal value. Full thermalization (if it
occurs) requires much longer time scales. As an intuitive
picture, pre-thermalization can be understood as dephas-
ing of the quasi-particle excitations while full thermaliza-
tion requires the exchange of energy and momentum be-
tween the quasi-particles. How strongly interacting quan-
tum many-body systems equilibrate is a very important
and not fully solved question which has far reaching con-
sequences, ranging from solid-state devices such as the
proposed Mott transistor or other switching processes to
the observability of quark-gluon plasma or cosmology.
So far, equilibration and thermalization dynamics after
quantum quenches and related questions were mostly dis-
cussed in closed quantum systems undergoing a unitary
evolution [4, 5, 7–15, 20]. However, every real system is
always coupled to an environment, which can also affect
the equilibration and thermalization dynamics. In order
to fill this gap, we consider a prototypical example for
a strongly interacting quantum many-body system and
study its non-equilibrium dynamics after coupling it an
environment which is assumed to be Markovian.
The Model The lattice system under consideration is
described by the Fermi-Hubbard Hamiltonian (~ = 1)
Hˆ = − 1
Z
∑
µ,ν,s
Jµν cˆ
†
µ,scˆν,s + U
∑
µ
nˆ↑µnˆ
↓
µ , (1)
where cˆ†µ,s and cˆν,s are the fermionic creation and anni-
hilation operators for the spin s ∈ {↑, ↓} at the lattice
sites µ and ν, respectively. The corresponding hopping
rate is denoted by Jµν , where we have factored out the
coordination number Z. The second term describes the
on-site repulsion U with the particle number operators
nˆ↑µ and nˆ
↓
µ. As possible experimental realizations, one
could envision fermionic atoms in optical lattices [26–30]
or electrons in solid state settings [31, 32].
The above Hamiltonian (1) generates the internal uni-
tary evolution while the coupling to the Markovian envi-
ronment is described in terms of a master equation with
the Lindblad operators nˆµ,s and the coupling strength γ
∂tρˆ = i
[
ρˆ, Hˆ
]
+ γ
∑
µ,s
(nˆµ,s ρˆ nˆµ,s − {nˆµ,s, ρˆ}) , (2)
where we have used nˆ2µ,s = nˆµ,s for fermions. Thus,
the environment permanently monitors (i.e., weakly mea-
sures) the number of particles nˆµ,s per lattice site µ for
each spin species s. Such an environment could be repre-
sented by a bath of bosons which scatter at the fermions
depending on their position. For atoms in optical lat-
tices, they could be photons, and for electrons in solids,
they could be phonons, for example.
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2The above master equation (2) can be written in terms
of Liouville super operators
∂tρˆ =
1
Z
∑
µ,ν
Lµ,ν ρˆ+
∑
µ
Lµρˆ , (3)
where Lµ,ν contains the hopping term ∝ Jµν from (1)
while the on-site interaction term ∝ U from (1) as well as
the environment contribution ∝ γ from (2) are encoded
in the local contribution Lµ.
Hierarchy of Correlations Since the dynamics (2) can
only be solved exactly for very small lattices (see below),
we have to introduce a suitable approximation scheme.
Here, we employ the hierarchy of correlations [20–25] and
consider the reduced density matrices ρˆµ for one site and
ρˆµν for two sites etc. After splitting off the correlations
via ρˆcorrµν = ρˆµν − ρˆµρˆν and so on, we obtain for the evo-
lution of the on-site density matrix
∂tρˆµ =
1
Z
∑
ν
Trν
{
Lµ,ν ρˆµρˆν + Lµ,ν ρˆ
corr
µν
}
+ Lµρˆµ
= f1(ρˆν , ρˆ
corr
µν ) . (4)
In analogy, the time evolution of the two-site correlations
can be derived from (3) and also depends on the on-site
density matrices as well as the three-site correlators
∂tρˆ
corr
µν = f2(ρˆν , ρˆ
corr
µν , ρˆ
corr
µνσ) . (5)
In order to truncate this infinite set of recursive equa-
tions, we exploit the hierarchy of correlations in the for-
mal limit of large coordination numbers Z  1. With
completely the same arguments as in [25], it can be
shown that the two-site correlations are suppressed via
ρˆcorrµν = O(1/Z) in comparison to the on-site density
matrix ρˆµ = O(Z0) and the three-site correlators even
stronger via ρˆcorrµνσ = O(1/Z2), and so on. Note that the
derivation in [25] works in completely the same way here
because the environment acts locally, i.e., on each lattice
site separately, and thus only changes the local Liovillian
Lµ in (3).
This hierarchy of correlations facilitates the following
iterative approximation scheme: To zeroth order in 1/Z,
we may approximate (4) via ∂tρˆµ ≈ f1(ρˆν , 0) which yields
the mean-field solution ρˆ0µ. As the next step, we may in-
sert this solution ρˆ0µ into (5) and obtain to first order in
1/Z the following approximate set of linear and inhomo-
geneous equations for the correlations
∂tρˆ
corr
µν ≈ f2(ρˆ0ν , ρˆcorrµν , 0) . (6)
The solution of this set of equations describes the prop-
agation (and damping) of the quasi-particles, insertion
back into (4) then yields their back-reaction onto the
mean field.
Mean-field Ansatz Let us study the propagation (and
damping) of the quasi-particles according to (6) for a
concrete example. For the mean-field solution ρˆ0µ, we as-
sume a homogeneous and spin-symmetric (i.e., unpolar-
ized) state, which can be described by the general ansatz
ρˆ0µ = p0 |0〉 〈0|+ p1 (|↑〉 〈↑|+ |↓〉 〈↓|) + p2 |↑↓〉 〈↑↓| , (7)
with the probabilities for zero p0, one p1, and two
particles p2 on the lattice site µ. For the Fermi-
Hubbard Hamiltonian (1) and the Lindblad operators
nˆµ,s in (2), this ansatz automatically satisfies the zeroth-
order (mean-field) equation ∂tρˆ
0
µ = f1(ρˆ
0
µ, 0).
Since we want to include the Mott insulator state
[2, 34], we assume half filling 〈nˆ↑µ + nˆ↓µ〉 = 2p1 + 2p2 = 1.
Together with the normalization p0 + 2p1 + p2 = 1,
this fixes all probabilities except one, which can be
parametrized by the double occupancyD = 〈nˆ↑µnˆ↓µ〉 = p2.
It vanishes in the Mott insulator state p0 = p2 = 0, but
in the infinite-temperature limit p0 = p1 = p2, it tends
to 1/4.
Note that, since the ansatz (7) obeys the zeroth-order
(mean-field) equation ∂tρˆ
0
µ = f1(ρˆ
0
µ, 0), the double oc-
cupancy D is constant to lowest order (in 1/Z). How-
ever, including the back-reaction of the quasi-particles
and their quantum or thermal fluctuations onto the mean
field, it will change in general (see below).
Quasi-particles Inserting the ansatz (7) into the
equation (6) for the correlations, we find the following
set of relevant correlation functions, see also [20]
f00µν,s = 〈cˆ†µ,s(1− nˆµ,s¯) cˆν,s(1− nˆν,s¯)〉
f01µν,s = 〈cˆ†µ,s(1− nˆµ,s¯) cˆν,snˆν,s¯〉
f10µν,s = 〈cˆ†µ,snˆµ,s¯ cˆν,s(1− nˆν,s¯)〉
f11µν,s = 〈cˆ†µ,snˆµ,s¯ cˆν,snˆν,s¯〉 , (8)
with s ∈ {↑, ↓} denoting the spin and s¯ the opposite spin.
All other correlators vanish to first order (in 1/Z).
As we obtain the same dynamics for both spin species
s, we omit the spin index s in the following. Assum-
ing spatial homogeneity, we Fourier transform the above
correlation functions and (6) becomes
(i∂t + iγ) f
00
k =
Jk
2
(
f10k − f01k
)
= − (i∂t + iγ) f11k
(i∂t − U + iγ) f01k =
Jk
2
(
f11k − f00k
)− Jk
4
(1− 4D)
= − (i∂t + U + iγ) f10k . (9)
For time-independent parameters γ, Jk, U , and D, we
may diagonalize the above linear system of equations and
thereby obtain four eigen-frequencies, two of them read
ω±k = ±
√
U2 + J2k − iγ (10)
while the other two simply are ω0k = −iγ. We see that all
eigen-frequencies acquire the same imaginary part −iγ
which just corresponds to an exponential decay e−γt.
This describes the damping of the quasi-particles induced
by the coupling to the environment.
3Pre-thermalization Due to this exponential decay
e−γt, the correlation functions approach the following
asymptotic state (again assuming that D is constant)
f00k,asy = −
J2k
U2 + J2k + γ
2
1− 4D
4
= −f11k,asy ,
f01k,asy = −
Jk (U + iγ)
U2 + J2k + γ
2
1− 4D
4
=
(
f10k,asy
)∗
, (11)
which is independent of the initial state, i.e., the initial
values f00k (t = 0), f
01
k (t = 0), f
10
k (t = 0), and f
11
k (t = 0).
As one would expect, the correlations are suppressed for
large γ and go to zero in the limit γ →∞.
However, it is interesting to note that this asymptotic
state (11) is different from the ground state, even for
γ = 0 and D = 0, where we have
f00k,ground =
1
4
(
U√
U2 + J2k
− 1
)
= −f11k,ground . (12)
Already for small Jk, we observe a factor of two difference
to the asymptotic state (11), see also [20, 33].
In fact, in the limit of small γ, the above asymptotic
state (11) coincides with the pre-thermalized state after
a quantum quench, where one starts in the ground state
with J = 0 and then suddenly switches on J to its fi-
nal value, see, e.g., [20]. This coincidence seems to be a
rather general property. To understand why, let us write
the linear system of equations (9) in matrix form
∂tfk = Mk · fk − γfk + sk , (13)
with a time-idependent matrixMk describing the Hamil-
tonian evolution, i.e., depending on Jk and U . Neglecting
back-reaction, i.e., assuming that the double occupancy
D = 〈nˆ↑µnˆ↓µ〉 is time-independent, the source term sk is
also constant. Then, due to the damping term γ, the
correlations approach the asymptotic state
fasyk = (γ1−Mk)−1 · sk . (14)
Now, the limit γ → 0 could be problematic if the source
term sk would have contributions in the kernel ker(Mk)
of the matrix Mk, i.e., the sub-space of zero eigenvalue.
In this case, the linear evolution according to (13) with-
out environment γ = 0 would imply linearly growing
modes – which indicate an instability (e.g., if the mean-
field ansatz ρˆ0µ does not describe a stationary state). In
the various scenarios investigated by us (see [20]), we
did not encounter this problem and hence we assume
sk ⊥ ker(Mk) in the following and omit the kernel of
the matrix Mk.
In the sub-space orthogonal to the kernel ker(Mk), we
may invert the matrix Mk and the limit γ → 0 of the
asymptotic state (14) reads fasyk = −M−1k · sk. Now let
us compare this state to the pre-thermalized state after
a quantum quench (without environment). If we start
initially in the ground state for J = 0, we have vanishing
correlations initially fk(t = 0) = 0. At time t = 0,
we switch on the hopping rate J . The time evolution
afterwards can be obtained by solving (13) for γ = 0 and
vanishing initial correlations, which yields
fk(t) = (exp {Mkt} − 1) ·M−1k · sk . (15)
As a result, the Fourier modes fk(t) of the correlations
oscillate with the (non-zero) eigen-frequencies of the ma-
trix Mk. The Fourier transformation back to position
space then involves a sum over many Fourier modes with
different oscillating phases, which gives the usual pre-
thermalization dynamics as in Fig... The long-time limit
then corresponds to the time average fk where the oscil-
lating exponentials cancel fk = −M−1k · sk. Hence, the
coincidence of the pre-thermalized state (after a quench)
and the γ → 0 limit of the asymptotic state with envi-
ronment seems to be a general phenomenon – as long as
arguments along the lines explained above apply.
Note that the simple matrix form (13) applies to cases
where all correlations are damped at the same rate γ.
While this is true for the system under investigation,
cf. (9), one might have different damping rates γ1,2,... for
other scenarios. However, this just amounts to replacing
γ1 by a different matrix (assumed to be positive definite)
while the rest of the arguments applies in the same way.
Back-reaction So far, we have neglected the back-
reaction of the quantum or thermal fluctuations of the
quasi-particles onto the mean field and assumed that ρˆ0µ
and thus the double occupancy D are constant. In or-
der to study this back-reaction, we insert the (generally
time-dependent) solutions f00k , f
01
k , f
10
k , and f
11
k back
into into (4) which gives
i∂tD =
2
N
∑
k
Jk
(
f01k − f10k
)
. (16)
We see that even the asymptotic state (11) can induce a
change of D provided that γ 6= 0. For example, starting
in the Mott insulator phase with zero or smallD, it would
slowly grow due to local on-site heating induced by the
coupling to the environment.
However, this growth rate is much slower than the
damping of correlations and quasi-particles with their
decay rate γ. From the above equation (16), we may
estimate that this local on-site heating occurs on much
longer time scales
τthermal ∼ U
2
J2
Z
γ
 1
γ
= τdecay , (17)
where the factor of Z stems from the Fourier transform
(assuming an isotropic lattice).
For late times t τthermal, the double occupancy tends
to 1/4 and thus all correlations between lattice sites van-
ish, as we may infer from (11). This final state ρˆµ ∝ 1
corresponds to the infinite-temperature limit, which is
consistent with the fact that the considered Markovian
environment acts as an infinite temperature heat bath.
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FIG. 1. Top: 〈cˆ†µ,scˆν,s〉-correlations for next neighbours.
Bottom: 〈pˆ†µ,spˆν,s〉-correlations for next but one neighbours.
Gray curves: Quench from J/U = 0 to J/U = 0.4 with
γ = 0, Dashed curves: Quench from J/U = γ/U = 0 to
J/U = 0.4 and γ/U = 0.05, solid black curves: Evolution
from the ground state to the prethermalized state after cou-
pling the system to the environment with γ/U = 0.05.
Hubbard Dimer The previous investigations were
based on the hierarchy of correlations, which can be mo-
tivated by the formal limit Z →∞. However, the results
obtained via this method (such as the damping of quasi-
particles and pre-thermalization) can be applied quali-
tatively to scenarios beyond this approximation. To see
this, let us consider a simple system which admits an
exact solution – the Fermi-Hubbard model consisting of
two lattice sites (Hubbard dimer) with one spin-up and
one spin-down particle.
To simplify the analysis further, we consider states
which are fully symmetric with respect to a permuta-
tion of the lattice sites µ = 1 and ν = 2 and are in-
variant under spin-flips (i.e., unpolarized). Again, the
on-site matrices ρˆ01 = ρˆ
0
2 can be fully parametrized by
the double occupancy D via the ansatz (7). Further-
more, as we only have one particle per spin species, the
particle-particle f1112,s and hole-hole f
00
12,s correlators van-
ish and only the particle-hole correlators f0112,s and f
10
12,s
remain. Finally, the only remaining non-zero expectation
values are two higher-order correlators 〈cˆ†1↑cˆ1↓cˆ†2↓cˆ2↑〉 and
〈cˆ†1↑cˆ†1↓cˆ2↓cˆ2↑〉.
Now, combining these five relevant expectation val-
ues (in the mentioned order) into a vector v, the time-
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FIG. 2. Top: 〈cˆ†µ,scˆν,s〉-correlations for next neighbours with
backreaction. Bottom: 〈pˆ†µ,spˆν,s〉-correlations for next but
one neighbours with backreaction. Gray curves: Quench from
J/U = γ/U = 0 to J/U = 0.4 and γ/U = 0.05, solid black
curves: Evolution from the ground state after coupling the
system to the environment with γ/U = 0.05. Solid line:
Ground state, dotted line: prethermalized state.
evolution can be described exactly by a 5× 5-matrix
i∂tv =

0 −J J 0 0
−4J −U − iγ 0 −2J J
4J 0 +U − iγ 2J −J
0 −J J −2iγ 0
0 2J −2J 0 −4iγ
 · v
+s , (18)
where s = (0, J,−J, 0, 0)T are the source terms already
discussed above. This simple matrix equation describes
the exact evolution – but, unfortunately, there is no sim-
ple closed expression for the eigenvalues and eigenvectors
of this matrix. Thus, let us discuss some limiting cases:
Without the environment, i.e., for γ = 0, two eigenvalues
correspond to the quasi-particle energy ±√16J2 + U2
while the other three vanish. In order to include the
environment, we consider the strongly interacting regime
where J  U , i.e., deep in the Mott insulator phase.
In this regime, one may infer from the diagonal of the
above matrix (18) that four eigenvalues have imaginary
parts of order γ, which corresponds to the decay of the
four correlation functions to a pre-thermalized state on
a time scale of order 1/γ. However, the remaining eigen-
value (which corresponds to the evolution of the double
5occupancy D) is much smaller
λ = − 8iγJ
2
U2 + γ2
+ O
(
J3
U3
)
⇒ |λ|  γ . (19)
We see that, while all the correlations approach their
pre-thermalized state on a time scale of order 1/γ, full
thermalization is governed by the above eigenvalue and
thus occurs on much longer times. Again, due to local
on-site heating, the state v approaches the final state
v = (1/4, 0, 0, 0, 0)T, which corresponds to an infinite-
temperature state ρˆ12 ∝ 1.
Conlcusions As a prototypical example for an in-
teracting quantum many-body system, we consider the
Fermi-Hubbard model (1) and couple it to a Markovian
environment (2) which permanently performs weak mea-
surements of the particle numbers nˆ↑µ and nˆ
↓
µ for each lat-
tice site µ. Via the hierarchy of correlations, we derive
the evolution equations (9) for the correlations, which
are linear to first order (in 1/Z), as well as their back-
reaction (16) onto the mean field.
As expected, the coupling γ to the environment in-
duces an imaginary part of the eigen-frequencies (10)
leading to a decay of the quasi-particles and tends to
suppress the correlations. Quite surprisingly, this damp-
ing mechanism does also induce the phenomenon of pre-
thermalization quite analogous to a quantum quench.
For small γ, the correlations even approach the same
pre-thermalized state as after a quench. As our general
arguments from (13) to (15) indicate, this seems to be a
general phenomena and shows that the environment in-
duced damping of quasi-particles has a very similar effect
as the dephasing of quasi-particles after a quench.
Taking the back-reaction (16) into account, we find
that the system eventually approaches a thermal state of
infinite temperature. However, this on-site heating pro-
cess is much slower and requires time scales (17) much
longer than the intermediate time scale O(1/γ) of pre-
thermalization. Finally, in order to test the reliability
of our approximation scheme, we considered the exactly
solvable case of the two-site Fermi-Hubard model (Hub-
bard dimer) and found qualitatively the same results.
We also considered the Mott-Neel state displaying anti-
ferromagnetic spin ordering (see the supplement) and
found analogous behavior.
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6HIERARCHY OF CORRELATIONS
Up to first order in 1/Z, the equations of motion for the
double occupancy and the two-point-correlations have
the explicit form
i∂tD =
1
Z
∑
κ,s
Jµκ(f
01
κµ,s − f10µκ,s) +O(1/Z2) (20)
i∂tf
ij
µν,s =
1
Z
∑
κ,l
Jµκ〈nˆiµ,s¯〉f ljκν,s −
1
Z
∑
κ,l
Jνκ〈nˆjν,s¯〉f ilµκ,s
+
Jµν
Z
[〈nˆiµ,s¯〉〈nˆ1ν,snˆjν,s¯〉 − 〈nˆjν,s¯〉〈nˆ1µ,snˆiµ,s¯〉]
− (U i − U j + iγ)f ijµν,s +O(1/Z2) , (21)
where we used the shorthand notation nˆ1µ,s = nˆµ,s and
nˆ0µ,s = 1 − nˆµ,s. After a Fourier transformation of (21)
for a spatially homogeneous system at half filling, one
obtains the set of equations (9) in the letter.
Since the hierarchical set of equations (21) is derived in
real space, we are not restricted to spatially homogeneous
systems. For example, the fermionic Hubbard system in
a hypercubic lattice prefers to be in a staggered Mott-
Ne´el state with sublattices A and B if the temperature
is sufficiently low. Assuming to lowest order a perfect
staggering, nˆAs = nˆ
B
s¯ = 1, the Fourier components of the
correlation functions satisfy the equations
(i∂t + iγ)f
00,AA
k,s = Jk(f
10,BA
k,s − f01,ABk,s ) (22)
(i∂t + iγ)f
11,BB
k,s = Jk(f
01,AB
k,s − f10,BAk,s ) (23)
(i∂t − U + iγ)f01,ABk,s = Jk(f11,BBk,s − f00,AAk,s )− Jk (24)
(i∂t + U + iγ)f
10,BA
k,s = Jk(f
00,AA
k,s − f11,BBk,s ) + Jk .
(25)
After a quantum quench, the correlation functions ap-
proach the asymptotic state
f11,BBk,s = −f00,AAk,s =
2J2k
γ2 + 4J2k + U
2
(26)
f01,ABk,s =
(
f10,BAk,s
)∗
=
Jk(U + iγ)
γ2 + 4J2k + U
2
(27)
whereas the ground state correlations (γ = 0) have the
form
f11,BBk,s = −f00,AAk,s =
1
2
(
1− U√
4J2k + U
2
)
(28)
f01,ABk,s = f
10,BA
k,s =
Jk√
4J2k + U
2
. (29)
HUBBARD DIMER
In general, the dynamics of spins on two lattice sites
can be described with a set of 16 coupled equations. Un-
der the assumption that the state is symmetrix w.r.t.
spin- and lattice-permutation, the system reduces to 5
coupled equations. With the definitions
D = 〈nˆ1,snˆ1,s¯〉 = 〈nˆ2,snˆ2,s¯〉 (30)
F = 〈cˆ†1,snˆ1,s¯cˆ2,s(1− nˆ2,s¯)〉+ 〈cˆ†2,snˆ2,s¯cˆ1,s(1− nˆ1,s¯)〉
(31)
S = 〈cˆ†1,scˆ1,s¯cˆ†2,s¯cˆ2,s〉 (32)
H = 〈c†1↑c†1↓c2↑c2↓〉+ 〈c†2↑c†2↓c1↑c1↓〉 (33)
we can write the dynamics of the Dimer as
i∂tD = J(F
∗ − F) (34)
(i∂t + U + iγ)F = −4JD− 2JS+ JH+ J (35)
(i∂t − U + iγ)F∗ = 4JD+ 2JS− JH− J (36)
(i∂t + 2iγ)S = J(F
∗ − F) (37)
(i∂t + 4iγ)H = −2J(F∗ − F) (38)
For a finite damping rate, the system runs into the infi-
nite temperature state with D = 1/4 and F = S = H =
0. For γ = 0, the prethermalized state of the system is
given by
Dasy = Sasy = −Hasy
2
=
2J2
16J2 + U2
(39)
Fasy = F
∗
asy =
JU
16J2 + U2
. (40)
The ground state of the system can be determined by an
adiabatic increase of the hopping rate to a finite value:
Dground = Sground = −Hground
2
=
1
8
(
1− U√
16J2 + U2
)
(41)
Fground = F
∗
ground =
J√
16J2 + U2
(42)
